In this paper, we establish the super Poincaré inequality for the two-parameter Dirichlet process when the partition number of the state space is finite. Furthermore, if the partition number is infinite, the super Poincaré inequality doesn't hold. To overcome the difficulty caused by the degenerency of the diffusion coefficient on the boundary of the domain, localization method and perturbation argument in [14] are effective.
Introduction
The two-parameter Dirichlet process is the natural generalization of the single-parameter Dirichlet process, which first appeared in the context of Bayesian statistics. And both twoparameter Dirichlet process and single-parameter Dirichlet process are pure atomic random measure.
For any 0 ≤ α < 1 and θ > −α, let {U k } k≥1 be a sequence of independent random variables such that U k has Beta(1 − α, θ + kα) distribution. Set
The distribution of (V α,θ 1 , V α,θ 2 , · · · ) is called two-parameter GEM distribution, denoted by GEM(α, θ). When α = 0, GEM(0, θ) is the well known GEM ditribution. Let P (α, θ) =
Super Poincaré inequality
In general, let (E , D(E )) be a conservative symmetric Dirichlet form on L 2 (µ) for some probability space (E, F , µ), let (L, D(L)) be the associated Dirichlet operator, and let P t := e tL , t ≥ 0 be the Markov semigroup. We say that (E , µ) satisfies the super Poincaré inequality with rate function β : (0, ∞) → (0, ∞), if
This inequality is equivalent to the uniform integrability of P t , i.e. P t has zero tail norm:
µ((P t f ) 2 1 {|Ptf |≥R} ) = 0, t > 0.
When P t has a heat kernel with respect to µ, it is also equivalent to the absence of the essential spectrum of L (i.e. the spectrum of L is purely discrete). The super Poincaré inequality generalizes the classical Sobolev/Nash type inequalities. For instance, when gap(L) > 0, (1.1) with β(r) = e c(1+r −1 ) for some c > 0 is equivalent to the log-Sobolev inequality
holds for some constant C > 0; while for a constant p > 1, (1.1) with β(r) = c(1 + r −p ) holds for some c > 0 if and only if the Nash inequality
holds for some constant C > 0, they are also equivalent to
hold for some constant c ′ > 0, this implies the semigroup is ultrabounded.
Two-parameter dynamic model
We denote by B b (N) the set of all bounded Borel measurable functions on N, C ∞ (R d ) the set of all infinitely differentiable functions on R d and P 1 (N) the space of all probability measures on the Borel -algebra B(N) in N. For ϕ ∈ B b (N) and µ ∈ P 1 (N), we denote ϕ, µ = N ϕdµ.
and
We write ∇F (µ) for the function x → ∇ x F (µ). We consider the bilinear form all probability measures on the Borel -algebra B(N) in N.
According to [6, Theorem 2.1] , the bilinear form is closable on L 2 (P 1 (N), Π α,θ,ν 0 ) and its closure (E , D(E )) is a quasi-regular Dirichlet form. The diffusion process associated with (E , D(E )) is reversible with the stationary distribution Π α,θ,ν 0 . Denote by (L, D(L)) and the generator of (E ,
where
. Below, we consider the projection case. For any d ≥ 2, we define
. We consider the map
This is an analogue of single-parameter Dirichlet process whose projection on finite partition of S is Dirichlet distribution.
In this paper, we follow the line of thinking in [11] and apply the localization thinking which are effective for these kind questions, and the following are the main results.
Main results
Let ν 0 be the probability measure on type space S = N in the definition of the two parameter Dirichlet process. 
holds, where F d is defined in (??).
Theorem 1.2. If d = ∞, then the super Poincaré inequality doesn't hold.
We remark that there is a question which we haven't finished: if d = ∞, does the Poincaré inequality for Π α,θ,ν 0 hold?
To establish the super Poincaré inequality for the measured-value process, we firstly establish the super Poincaré inequality for the projection measure of Π α,θ,ν 0 in Section 2, then we prove Theorem 1.1 and Theorem 1.2 in Section 3.
Super Poincaré inequality for µ (d)
To establish the super Poincaré inequality for the projection measure of Π α,θ,ν 0 with an explicit rate function β, the main difficulty comes from the degeneracy of the diffusion coefficient on the boundary
We have two methods to establish the super Poincaré inequality. firstly, from [15] , we have known the super Poincaré inequality for another probability measure µ 
Preparations
Assumption(A): Let (E, F , µ) be a separable complete probability space, and let (E , D(E )) be a conservative symmetric local Dirichlet form on L 2 (µ) as the closure of
where Γ :
is a positive definite symmetric bilinear mapping, B(E) is the set of all µ-a.e. finite measurable real functions on E, D(Γ) is a sub-algebra of B(E),
Let φ ∈ D(Γ) be an unbounded nonnegative function and let
where sup ∅ = 0 by convention.
To verify Assumption (A), we can take
and let
Obviously, conditions (a)-(c) in Assumption(A) hold. We set
In the following subsection, we estimate λ(s).
Estimate on λ(s)
We will adopt the following Cheeger inequality to estimate λ(s). Let
holds for some constants a 1 , a 2 > 0, and that
Proof. By (2.5), we assume that
) with g| Ds = 0, we have g| ∂Ds = 0, so that by integration by parts formula,
where A is the area measure on ∂D r induced by the Lebesgue measure. Combining this with (2.5), (2.6) and (2.7), we obtain
Therefore, for any g ∈ C 1 (∆ (d) ) with g| Ds = 0,
, we arrive at
This finishes the proof.
Lemma 2.2. For the operator L (d)
, there exist constants s 0 , c 6 > 0 such that
Proof. We take
Then ∀x ∈ D c s , we have 8) and
is bounded, so lim sup
We derive from Lemma 2.1 that 
Localization method
Theorem 2.3. Let µ (d) defined as (1.5), then the super Poincaré inequality
holds with β(r) = c 13 (
Proof. We know
We set
there are constants C 1 and C 2 such that
So the local super Poincaré inequality becomes
where 
Perturbation method
Below is the perturbation theorem which is similar to [14, Theorem 3.4.7] . Theorem 2.4. Under Assumption (A), let W is bounded on {φ ≤ r} for any r > 0. Let S(W ) ∈ B be such that for any nonnegative f ∈ D(Γ) with suppf ⊂ {φ ≤ r} for some r > 0, one has
If there exist c 1 , p > 0 such that
then (1.1) holds with
where s = c 2 r −8
7 .
Proof. Let S(W ) ∈ B be such that for any nonnegative f ∈ D(Γ) with suppf ⊂ {φ ≤ r} for some r > 0, one has
It suffices to consider f ∈ D 0 (Γ). For any s ≥ s 0 and small ε ∈ (0, 1), let
Let
and by conditions (b) and (c),
In particular,
. By the definition, we obtain
We choose
} as the test function in (2.12), so we get that
(2.14)
Put (2.14) and (2.13) together, then
, and choose
Thus,
where s = c 2 ε
Theorem 2.5. Let µ (d) defined as (1.5), then the super Poincaré inequality
holds, where β(r) = c 12 (1 + r
Denote
Let S(W ) ∈ B be such that for any nonnegative f ∈ D(Γ) with suppf ⊂ {φ ≤ r} for some r > 0, one has Γ(f, W )dµ ≥ − f S(W )dµ ∈ R. So we get
